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Abstract

This master thesis studies dimensional reductions of the Kahler—Yang—Mills equations over
compact Kéhler manifolds by imposing some type of SU(2)-equivariance, to obtain the gravita-
tional vortex equations. When restricted to compact Riemann surfaces it is possible to explore
some conditions for the existence of solutions based on the stability of holomorphic triples.
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Resumen

Este trabajo de fin de master se centra en el estudio de reducciones dimensionales de las
ecuaciones de Kahler—Yang—Mills sobre variedades de Kahler compactas al imponer cierto tipo
de equivariancia bajo la accién de SU(2), para obtener las ecuaciones de vértices gravita-
cionales. Al restringirse a superficies de Riemann compactas, es posible explorar condiciones
para la existencia de soluciones basadas en una nocién de estabilidad de ternas holomorfas.
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Introduction

This master thesis is devoted to the study of dimensional reductions of the Kahler—Yang—Mills
equations. These are a recent addition to the class of gauge-theoretic equations in differential
geometry introduced by Alvarez-Cénsul, Garcia-Fernandez and Garcia-Prada (see [1] and [13]).
We will be mostly concerned about compact Kéhler manifolds and holomorphic vector bundles
over them. We now briefly recall some historical facts about the advancements in this area of
research.

Vector bundles are central objects in both algebraic and differential geometry. A first re-
sult concerning the classification of vector bundles of rank 1 over algebraic varieties is the
Abel-Jacobi theorem, although stated in the equivalent language of divisors. A topological
classification of complex line bundles is entirely possible in terms of the first Chern class. How-
ever, this fails for higher ranks. A relevant result which solves this problem in a particular case
is Grothendieck’s decomposition theorem: every holomorphic vector bundle over the complex
projective line P! is equivalent to a direct sum of line bundles, all of different degree (first Chern
class). Atiyah [5] extended the classification to genus 1 (algebraic elliptic curves).

A new tool for studying vector bundles developed in the 1960’s with the appearance of
Mumford’s Geometric Invariant Theory and the notion of stability [26]. This allowed for the
construction of quotients in the context of algebraic geometry, and this is convenient for the
study of vector bundles as we are often interested in equivalence classes of these objects. With
this concept of stability, Narasimhan and Seshadri proved in 1965 [27] a remarkable theorem,
stating that stable holomorphic vector bundles over a Riemann surface are in one-to-one cor-
respondence with projective unitary representations of the fundamental group of the surface
(nowadays called PSU (n)-character variety).

A few years later, Atiyah and Bott introduced novel ideas from Yang—Mills theory, originally
a field-theoretic model in particle physics, to algebraic and differential geometry [6]. Building
on these ideas, Donaldson gave a new proof of the Narasimhan—Seshadri theorem in gauge-
theoretic terms: an indecomposable vector bundle over a Riemann surface is stable if and only
if it admits a projectively flat unitary connection.

The Hermitian—Yang—Mills equations provide a generalization of the projectively flat con-
dition for vector bundles on higher dimensional Kahler manifolds. These equations were al-
ready being studied by Kobayashi and Liibke, who independently proved in 1983 [24] that
holomorphic vector bundles over compact Kahler manifolds of arbitrary dimension admitting
Hermitian—Yang—Mills connections are necessarily stable in the sense of Mumford. What today
is known as the Hitchin—Kobayashi correspondence was established as a conjecture in the late
70s independently by Hitchin [18] and Kobayashi [21]. What Kobayashi and Liibke proved was
one of the implications of the correspondence.

In 1985, Donaldson proved a partial converse for the case of algebraic surfaces [9]. Shortly
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6 INTRODUCTION

after, Uhlenbeck and Yau gave a proof for general compact Kahler manifolds of arbitrary di-
mension [32], followed by a proof by Donaldson for projective algebraic manifolds [10].

Another relevant equation is that of having constant scalar curvature for a Kéhler metric
on a compact complex manifold. This is a fourth order nonlinear partial differential equation.
Fujiki [12] first gave an interpretation of the Riemannian constant scalar curvature condition in
terms of a symplectic moment map, and Donaldson generalized it |11] to the Hermitian scalar
curvature in almost Kéahler manifolds. These results were already known to Quillen in the case
of Riemann surfaces.

The Kahler—Yang—Mills equations are related to both the Hermitian—Yang—Mills and
constant scalar curvature equations. Consider a compact complex manifold M and a holomor-
phic vector bundle F over M. The Kahler—Yang—Mills equations for a Hermitian metric h on
E and Kahler metric w on M read as

iA,Fy, = \dp,
Sw — OéAwtl"Fh N Fh =C,

for constants A, c. These were introduced in Garcia-Ferndndez’s PhD thesis [13] (see also [1]).
Here « is called the coupling parameter. A relevant insight is that these equations also appear
as the vanishing moment map condition for a symplectic action on a particular moduli space.
It was shown by Alvarez-Cénsul, Garcia-Ferndndez and Garcia-Prada [1] that bundles admit-
ting Hermitian—Yang—Mills metrics over manifolds M with finite automorphism group and a
constant scalar curvature Kahler metric admit solutions to the Kahler—Yang—Mills equations
by means of a deformation procedure, for small values of the coupling parameter.

The present work studies dimensional reductions of the Kahler—Yang—Mills equations. More
concretely, we assume the base space to be of the form M = X x P!, where P! denotes the
complex projective line (the Riemann sphere), which is isomorphic to SU(2)/U(1), therefore
allowing a natural action of SU(2). We assume a particular SU(2)-invariant structure on the
vector bundle E over X x P! involving two vector bundles E;, F5 and a map ¢ between them, a
structure called holomorphic triple. This setting allows for a search of solutions to the Kéahler—
Yang-Mills equations which are invariant under this SU(2)-action. This work arrives at what
we call the gravitational vortex equations.

Alvarez—Cénsul, Garcia-Ferndndez and Garcia-Prada had already studied this type of dimen-
sional reduction of the Kahler—Yang—Mills equations by considering line bundles over Riemann
surfaces, obtaining the Abelian gravitational vortex equation. This builds upon a series of
results concerning the vortex equations, studied by Garcia-Prada in |15]. The vortex equations
had been introduced by Landau and Ginzburg |23] while studying superconductivity and they
were obtained by Jaffe and Taubes [20] for R? and by Witten for the hyperbolic plane through
a similar process of dimensional reduction from the Yang—Mills equations.

In this work we focus more narrowly on the gravitational vortex equations on Riemann
surfaces with holomorphic triples (E1, Fs, ¢) of higher rank. In that case, the gravitational
vortex equations for two Hermitian metrics hi,hs and a Kéhler metric w read as

iNFy, + 100 ¢" =2n7ldp,,
iNgFh, — %ﬁb* o¢ = 2n7'ldg,,
S, — @Aw tr Fp,
—ail\y, [tr(Fy, 0 ¢ 0 ¢*) — tr(Fi, 0 ¢ 0 @) + tr(Da10 A D120%)] = C,



in terms of some constant C', the coupling parameter o and some symmetry-breaking parame-
ters. Holomorphic triples turn out to be key in the study of our equations, as had already been
shown by Bradlow and Garcia-Prada [7] and together with Gothen [§] while studying the vortex
equations on triples. A notion of stability for triples characterizes the existence of solutions
to the vortex equations, and being the latter a subset of our gravitational vortex equations
they provide necessary conditions for the existence of solutions. Previous results |7, 8] showed
that the moduli spaces of stable triples over compact Riemann surfaces are quasi-projective
algebraic varieties and computed the dimension, helping understand the space of solutions to
the coupled vortex equations. Fixing arbitrary ranks and degrees of the triples, Pasotti and
Prantil studied these moduli spaces on surfaces of genus one [30] and zero [29], and in this
direction, To’s doctoral dissertation [31] gave specific examples of these moduli spaces over the
Riemann sphere.

Inspired by the existence results for the Abelian gravitational vortex equations involving
a notion of GIT stability on the space of triples [2,/4,/14], this work proposes a conjecture
characterizing the existence of solution to the gravitational vortex equations for genus zero.

Conjecture. Let P! be the projective line and T = (Ey, Ey, ¢) a holomorphic triple over P.
The following are equivalent.

1. There exists a solution to the gravitational vortex equations on (P, T).

2. The triple T is T-polystable and its equivalence class is furthermore GIT-polystable for the
action of SL(2,C) on the moduli space of stable triples M.

This work constitutes a first step to the study of the gravitational vortex equations, taking
the initial steps towards a deeper understanding of the dimensional reductions of the Kahler—
Yang—Mills equations. Such a project will be the main topic of the author’s prospective PhD
dissertation.

Outline

Chapter 1 introduces the Kahler—Yang—Mills equations describing in some detail the interpre-
tation of these in terms of a moment map. Several concepts related to standard gauge theory
are introduced, such as the space of connections, the gauge group and the corresponding mod-
uli space, together with some links between connections and holomorphic structures on vector

bundles.

Chapter 2 contains the main result of this work, namely a dimensional reduction that
generalizes that of [2], extending to the case of arbitrary dimension of the base space and ar-
bitrary ranks of two vector bundles over the base space. The resulting equations are coined
gravitational vortex equations. These equations can be then reduced to simpler situations. In
particular, we consider the case of line bundles over arbitrary compact Kéahler manifolds and
vector bundles of arbitrary rank over Riemann surfaces. The combination of both situations
yields the Abelian gravitational vortex equations, for which we recall previous existence results.

Chapter 3 introduces the necessary notions to understand the existence results such as the
Hitchin—Kobayashi correspondence and Mumford’s stability of vector bundles. We introduce
the notion of holomorphic triple and stability, recalling prior results for moduli spaces. Section
[3.4] states a conjecture regarding the existence of solutions of the gravitational vortex equations
over the complex projective line and higher rank vector bundles in terms of a notion of GIT
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stability, which is explained at the beginning of the section. This conjecture will become a
primary objective of the author’s doctoral dissertation. We end the document by recalling
some examples of moduli spaces of stable triples over the projective line in order to give a
precise feeling of how this objects look like and how a GIT action might be implemented.



Chapter 1

Kahler—Yang—Mills equations

This chapter introduces the Kéahler—Yang—Mills equations, the central object of study of this
work. These equations were introduced by Alvarez-Cénsul, Garcia-Fernandez and Garcia-Prada
in 1], and have been studied for some time. The Kahler—Yang—Mills equations couple a
Kéhler metric on a compact complex manifold with a Hermitian metric on a complex vector
bundle over the complex manifold. These equations they can be formulated in greater generality
in principal bundles, although this work focuses on the linear version. The Kahler—Yang—Mills
equations are related to the Hermitian—Yang—Mills and the constant scalar curvature Kahler
metric equations. We will often refer to the equations simply as KYM.

Let M be a compact complex manifold and consider a holomorphic vector bundle E over
M of rank r. In order to write the equations we introduce some notation which will be mainly
following Atiyah-Bott [6]. Let H be an arbitrary Hermitian metric on E. Consider the Killing
form
tr:u(r) x u(r) — R.

This is a symmetric bilinear form which is furthermore invariant under the adjoint action of
U(r) (actually under the adjoint action of the full GL(r,C)), and therefore it defines a bilinear
pairing on EndE. This can be naturally extended to give a pairing on the space of End F-valued

differential forms
OP(EndE) x QYEndE) — Qpta

which will be denoted by tra, A a, for a, € QP(EndE) and a, € Q¢(EndE). The Kahler-Yang-
Mills equations for a Kéhler metric (we will abuse notation and refer to the associated Kéhler
form w instead) and a Hermitian metric H on E read as

iN,Frr = Mdg,
Sy —aAZtr Fy A Fy = c. (1.1)

Here, A, is the adjoint of the Lefschetz operator L : n — w A 7, which coincides with the
contraction Ayn = 1 uw?, where w? is the contravariant counterpart of w induced by sym-
plectic duality. Fp is the curvature of the Chern connection determined by the Hermitian
metric H and the holomorphic structure of E, S, is the scalar curvature of the Kéahler metric
and A and c¢ are two constants that are completely determined by the topology of E and the
cohomology class determined by w. We refer to [19,122] as basic sources for the concepts of
complex geometry appearing here. The first line in constitutes the Hermite—FEinstein or
Hermitian—Yang—Mills equations.

It is worth noting that for Riemann surfaces M = ¥ the two equations decouple due to the
vanishing of the quadratic term Fy A Fy, and the problem reduces to a combination of the

9



10 CHAPTER 1. KAHLER YANG-MILLS EQUATIONS

Uniformization Theorem for Riemann surfaces and the Narasimhan—Seshadri theorem. The
study of the KYM equations is therefore more interesting in the higher-dimensional case. In [2]
the authors analyzed the case when M is the product of a Riemann surface with the complex
projective line ¥ x P!, and a particular rank-two holomorphic vector bundle which is equivari-
ant under a natural SU(2)-action. This allowed for the search of SU(2)-invariant solutions of
the KYM equations, and this was equivalent to finding solutions of the so-called gravitational
vortex equations over the Riemann surface and a line bundle over it.

1.1 Moment map and the Hermitian—Yang—Mills equa-
tions

Both the constant scalar curvature Kahler and the Hermitian—Yang—Mills equations have been
interpreted in terms of vanishing moment map conditions. This notion arises in symplectic ge-
ometry and some of its features will be outlined here, but we refer to [25] for details. Throughout
the next sections we will introduce moment map interpretations for the Hermitian—Yang—Mills
and constant scalar curvature Kahler metric in order to construct a moment map for the Kahler—
Yang—Mills equations.

Consider a compact Lie group G with Lie algebra g. Let G act by symplectomorphisms on
a symplectic manifold (M,w). There is an induced Lie algebra homomorphism g — X(M),
mapping each element ¢ € g to the vector field defined by X¢(p) = <& } 1o xp(t€)-p. The action is
called Hamiltonian if each such vector field X is Hamiltonian, i.e. if to each £ € g we can assign
a differentiable function H, and furthermore this assignment is a Lie algebra homomorphism,
where C*°(M) is endowed with the Poisson bracket with respect to the symplectic form w. In
this context, a moment map for the action is a differentiable map p: M — g* satisfying

He(p) = (u(p), §),

where (-, -) denotes the pairing between the Lie algebra and its dual g*, and that is furthemore
equivariant under the coadjoint action of G' on g*.

Moment maps provide a way of constructing symplectic manifolds from a given one endowed
with a Hamiltonian G-action. We consider the level set x~1(0) C M. Due to the equivariance
of the moment map, p~*(0) is invariant under the action of G, since 0 € g* is certainly a fixed
point of the coadjoint action. If 0 is a regular value of the moment map, and G acts freely and
properly on p~!(0) then not only is #~!(0)/G a manifold but it admits a natural symplectic
structure. The quotient has dimension dim(x~'(0)/G) = dim M —2dim G. This is often called
the Marsden—Weinstein quotient. Further details of this construction can be found in Section
5.4. of [25).

Fujiki [12] and Donaldson [11] interpreted the scalar curvature equation in terms of a moment
map. This was also known to Quillen in the case of Riemann surfaces. The Hermitian—Yang—
Mills equations were also interpreted in these symplectic terms first by Atiyah and Bott [6]
over Riemann surfaces and by Donaldson [9] in higher dimensions. We will briefly recall the
basics of these constructions and provide a moment map interpretation for the KYM equations.

We start by giving a moment map interpretation of the Hermitian—Yang—Mills equations.
Let (M,w) be a symplectic manifold. Let E be a differentiable complex vector bundle over M
together with an Hermitian metric H, with rank £ = r. We consider the space A of unitary
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connections on E, which is an affine space modelled on Q!(adFy). Here Ex denotes the prin-
cipal bundle of unitary frames associated to the Hermitian vector bundle (E, H) and adEy is
the adjoint bundle, to be identified with skew-Hermitian endomorphisms of (E, H).

Let G be the unitary gauge group of Ey, i.e. the set of U(r)-equivariant diffeomorphisms of
Ey covering the identity over M. The unitary gauge group acts upon the space of connections
from the left in a natural manner. One way to state this action requires seeing the connections
as U(r)-equivariant splittings of the sequence

0—>VEy—TEyg —7TM — 0,

i.e. as U(r)-equivariant mappings A : TEy — V Ey. The action of the gauge group is from
the left via the pushforward g+ A := g, 0o Ao g;!. We can provide A with a symplectic form
defined by

n—1

wA(a,b):/ tra/\b/\(n 0
M - .

for a,b € Ty A ~ Q' (adEy), where tr- A - denotes the pairing QP (adEy) x Q(adEg) — QP
This 2-form is a symplectic form and the main result to be recalled is that the gauge group
acts in a Hamiltonian fashion on A, the moment map being given by ug : A — Lie G*

wn

(15(4).0) = [ 1A (1A~ Ad) (12)

v nl’

for ¢ € LieG ~ Q°(ady F) and for a fixed but arbitrary A € R.

If the base space M is furthermore a Kéhler manifold there is a distinguished subspace of
connections Atlfl C A satisfying Fy € Q"' (adEy) where the complex structure J in M allows
for the (p, q)-type decomposition. In this context, a connection A is called Hermitian—Yang—
Mills if it satisfies

iN,Fy = Mdg,

and it is easy to prove that A depends only on the cohomology class [w] and on the topology of
the bundle:

: o k E Vol, M
degwE:i/ trAwFAw—:—/ Atrldy = A8 8 VO
21 Sy n! 21 Jy 2m

The vanishing locus of the moment map corresponds precisely to the set of solutions to the
Hermitian—Yang-Mills equations. The moduli space ;' (0)/G of gauge-equivalent solutions
is then an infinite-dimensional version of a Marsden—Weinstein quotient. The existence of a
complex structure on A}]’l away from its singularities then implies that the moduli space of
Hermitian—Yang—Mills connections is (away from singularities) a Kéahler quotient, once it is
shown that this complex structure is compatible with w4.

1.2 Moment map and constant scalar curvature

Let (M, w) be a compact symplectic manifold and let J be the space of almost complex struc-
tures compatible with w. Let H be the group of Hamiltonian symplectomorphisms of (M, w).
We can define a symplectic form for J in the following way: let J € J. The tangent space
T;J is composed of vector bundle endomorphisms ® : TM — T'M symmetric with respect to
the metric g; = w(-, J-) satisfying ® o J = —J o &. For such &,V € 7,7 we define

n

1
wy(®,0) = 5 /Mtr(Jo O o \1:)%
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This can be shown to be a symplectic 2-form and the group of Hamiltonian symplectomor-
phisms acts upon J from the left in a Hamiltonian fashion via h - J = h, o J o h;!. The space
J admits itself a complex structure given by ® € 7,7 +— J o ® € T; 7, which is furthermore
compatible with wz, turning J into an infinite-dimensional Kahler manifold.

Any almost complex structure J € J compatible with w induces a Hermitian metric on
T*M. There is a unique unitary connection on 7*M whose (0, 1)-component coincides with
the standard Dolbeault operator 9 : Q- Q{'}’qﬂ. The Hermitian scalar curvature S is the
real function on M defined by

n n—1

w
SJE—Q,OJ/\—(n_l)!.

Here p; is the real 2-form defined as —i times the induced curvature in the determinant bundle
A™T*M. This S} is defined so that for integrable almost complex structures J it coincides with
the Riemannian scalar curvature induced by the Riemannian metric w(-, J-). Donaldson proved
[11] that the action of H on J is Hamiltonian with moment map given by

Dy me) = = [ 05,27,

where 7, € LieH is the Hamiltonian vector field generated by ¢ € C§°(M), the zero-average
Hamiltonian functions that determines the field. The vanishing locus of the moment map
coincides precisely with the almost complex structures J such that the scalar curvature is
constant S; = c.

1.3 Moment map intrepretation of the Kahler—Yang—
Mills equations

Consider a compact symplectic manifold (M,w) and (E, H) a Hermitian vector bundle over
M. Tt is possible to extend the gauge group when the base space is endowed with a symplectic
structure. This extension of Lie groups is given by

156505 U1 (1.3)

Here G is defined to be the set of U (r)-equivariant diffeomorphisms of Ep covering Hamiltonian
symplectomorphisms of the base space, and i is the natural inclusion G C G. It can be shown
that p is surjective by taking a unitary connection on F and horizontally lifting a Hamiltonian
vector field; the flow that it generates will give a suitable element of G.

Consider now the affine space A of connections on F and J the space of almost complex
structures compatible with w. We now define a family of symplectic structures in J x A
parametrized by a € R as

Wo = Wy + 4awy.

The extended gauge group G acts upon J X A from the left via

g-(J,A)=(plg)-J,g-A)

where p(g) € H acts upon J as defined above. The main result to be recalled in this section from
[1] is that this action is Hamiltonian with respect to the symplectic form w,. The definition of
the moment map requires the construction of an assignment of a linear map 0,4 : Lie(AutEy) —
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Lie G to each connection A € A yielding a linear splitting of the so-called Atiyah short exact
sequence
0 — LieG — Lie(AutEy) — Lie(DiffM) — 0.

For ¢ € LieG, 04(C) is an element of LieG ~ Q%(adEy) and p(¢) = 74 is an element of
LieH ~ C§°(M), where ¢ is the Hamiltonian function generating the vector field 74. There is
yet another map 67 : LieH — G uniquely defined by Idg =iofs+ 0% o p. In this context, the
equivariant moment map is given by its pairing with an arbitrary element ¢ € G:

wn

<Iua(J’ A),C> = —4&/ tI‘@A(C) A (ZAWFA - )\IdE)H

M

_/ (b{SJ—OéAZtI‘FA/\FA—|—4OJAth'FA/\)\IdE} w—‘
M n'

There is a formally integrable complex structure on J x A given by
Ija(J'a)=(JoJ —aolJ)

for J' € T;J, a € ThA ~ QY (adEy), and for positive a, it is compatible with the family of
symplectic structures given above. Now we define the subspace P C J x A consisting of pairs
(J,A) where J is an integrable almost complex structure and A is a connection on F with
curvature of type (1,1) with respect to J. This is a G-invariant and K&hlerian subspace. A
pair (J, A) € P is said to satisfy the Kdhler—Yang—Mills equations if the following hold:

iN,Fay = Ndp,
SJ—CtAitI'FA/\FA:C.

Here A\,c € R. Now we can prove that the vanishing locus of the moment map (restricted to
P) coincides with the set of solutions of the Kéhler—Yang-Mills equations. Assume (J, A) €
11;1(0) NP. Take any arbitrary element n € # and consider 8%(n) € LieG. Pair this element
with ua(J, A) =0 to get

wn

0= —4a/ tr0a05n A (iAFy — )\IdE)—'
M n!

n

—/ (S —OzAitrFA/\FA—|—4aAwtrFA/\/\IdE)w
M

n!

where p(04n) = ng € H. This implies in particular that the term in brackets within the second
integral must be constant

SJ—aAitrFA/\FA+4ozAwtrFA/\/\IdE =/,

but evaluating again at an arbitrary element ¢ € Lie G we conclude that iA,F4 = Mdg, so in

particular
S;—altr Fy ANFy=c —4al)? =c.

This shows that the pair (J, A) satisfies the Kdhler—Yang—Mills equations. The converse easily
follows from the expression for the moment map. In Chapter 2 we analyze the Kahler—Yang—
Mills equations when a certain SU(2)-symmetry is imposed. The equations will reduce to new
systems of equations depending on the the dimensionality of the base manifold and the rank of
the vector bundles involved.
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Chapter 2

Dimensional reduction of the
Kahler—Yang—Mills equations

In this chapter we study dimensional reductions of the Kahler—Yang-Mills equations when
imposing a particular SU(2)-equivariance. We do this by taking a base space of the form
X x P! and a SU(2)-equivariant vector bundle over it. For the rest of the document we will
be analyzing the equations in the context of holomorphic vector bundles, with the unknowns
being the Hermitian metric and the Kahler metric, with a fixed complex structure on the
base manifold. This is equivalent to the setting in Chapter 1, where we fixed the symplectic
structure and the Hermitian metric and let the connection A and the complex structure J be
the unknowns: a gauge transformation links the two points of view (see [15]).

2.1 Dimensional reduction and holomorphic triples

Consider a vector bundle E over a base manifold M and a compact Lie group G. We say that
FE is a G-equivariant vector bundle if there is an action of G on M that lifts to a fiberwise
linear action on E. In the C'™ setting, both actions are required to be differentiable, while if
E' is a holomorphic vector bundle over a complex manifold the action of G is required to be by
biholomorphisms. In this case one usually considers the action of the complexification G of
G. A G-equivariant vector bundle yields a commutative diagram of the form

ExG ——F

lﬂ xIdg lﬂ'

MxG —— M.

Let us consider a compact complex manifold X, although some of what follows holds when
X is simply C*. Let us denote M = X x P!. Consider the natural projections onto the first
and second factor p : M — X and ¢ : M — P!. There is a natural action of the Lie group
SU(2) on M, acting trivially on X and in the natural way on P! ~ SU(2)/U(1). We consider
now the differentiable SU(2)-equivariant vector bundles over X x P!. For the differentiable
category, SU(2)-equivariant bundles are catalogued by the following result:

Proposition 2.1 (Prop. 3.11n [16]). Every differentiable SU(2)-equivariant vector bundle over
X x P! can be equivariantly decomposed as

E=@prEoqgL®,

where E; is a differentiable vector bundle over X, L is the line bundle over P* with Chern class
1 and all n; € Z are different.

15



16 CHAPTER 2. DIMENSIONAL REDUCTION

We will focus our attention to a particular subset of these equivariant vector bundles over
X x P!, those with an underlying C* structure given by

E=p'E,® (p"Ey ® ¢*L%?). (2.1)

Considering now the case when X is a compact complex manifold, we define the closely related
notion of holomorphic triple over X.

Definition 2.2. A holomorphic triple (E;, Es, ¢) over X consists of two holomorphic vector
bundles F; and E, together with a sheaf homomorphism between them ¢ : E; — Ej.

For the holomorphic case, there is a one-to-one correspondence between SU (2)-equivariant
holomorphic vector bundles over M = X x P! with underlying C* structure as in
with holomorphic triples over X. This is because after fixing a SU(2)-invariant section 7
in Q%(Op1(—2)), holomorphic extensions over X x P! of the form

0—p'EL = E—p'Ey®qOp(2) — 0. (2.2)

are determined by a second fundamental form of the type 5 = p*¢ ® ¢*n. Here Opi (k) is
the holomorphic line bundle over P! with Chern class k. The correspondence is easily seen as
follows. Extensions as above are parametrized by the sheaf cohomology group

HY(X x P',p'Ey ® p'E} ® ¢"Op (—2)) ~ H(X, By @ E3) ® H'(P', Op1 (—2))
~ H°(X,Hom(E,, E1))

where we have made use of the Kiinneth formula and Serre duality, by which H*(P!, Op:(—2)) ~

HO(P', 01 (0))* ~ C. We conclude that holomorphic triples E, % E; are in bijection with
extensions of the form (2.2]). These holomorphic triples will allow us to analyze the dimensional
reduction of the Kéhler—Yang—Mills equations in the subsequent sections.

2.2 Gravitational vortex equations

The aim of this section is to analyze the dimensional reduction of the Kahler—Yang—Mills
equations when the base space is of the form M = X x P!, where X is a Kihler manifold,
and we require the solution of the K&hler-Yang-Mills equations (H,2) to be SU(2)-invariant.
This implies that the Kahler form is given by

QO’ = p*w + Uq*wP17

where p, ¢ are the projections of X x P! onto the first and second factor respectively, and wp:
is the Kahler form induced by the Fubini-Study metric normalized to satisfy fpl wpr = 1. Here
o > 0 is a real positive parameter.

Let us assume that we have a SU(2)-invariant solution (H,2,) of the Kéhler—Yang-Mills
equations. Since SU(2) acts with different weights on each term of p*E) @& (p*Ey ® ¢*Op1(2)),
the Hermitian metric H must decompose as

H=H, & Hy,= (p"h1) ® (p*ho ® ¢"h3y),

where h; and hy are Hermitian metrics on ) and Es respectively and A is a SU(2)-invariant
Hermitian metric in Op:1(2), which can be assumed to be

dz®dz
hy=C—"""
2T+ =)
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in homogenous coordinates, for any arbitrary nonzero factor C'. In this context, we can relate the
Chern connection and curvature determined by (E, H) to the Chern connections and curvatures
of each Hermitian subbundle (p*FEy, Hy), (p*FE2 ® Opi(2), Hy). We refer to Section 1.6. of
Kobayashi’s book [22] for a detailed treatment of this computations. We obtain that the Chern
connection induced by the Hermitian metric H is then given by

Dy = ( o 52) | (2.3)

Here D, is the Chern connection of Hy = p*hy, D, is the Chern connection of Hy = p*hs ® ¢*hY,
B is the so-called second fundamental form and * is the corresponding adjoint map with respect
to the Hermitian metrics Hy, Hy. After fixing a SU(2)-invariant element n € Q%!(P!, Op1 (—2))
(which is unique up to scale factor), the second fundamental form is given by f = p*¢ ® ¢*n,
where ¢ is a holomorphic section of Hom(Fs, E;). For the choice of 7, any multiple of (HCFW ®
dz is a viable candidate. We begin by calculating the trace term in the second of the KYM
equations . The curvature reads as

_(Fu—B8AB DB
FH - ( —D//ﬁ* FH2 _ ﬂ* /\ﬁ ) (24)
where D’ and D" are the induced covariant derivatives in the respective Hom bundles. The
trace tr F'gy A Fy contains four basic terms

tr Fy A Fip = tr(Fy, — BA B —tr(D'BAD"B*) — tr(D"B* A D'B) + tr(Fy, — B A B)"?

which we analyze separately.

First term: a quick computation over a trivialization shows that for End-valued forms the
trace pairing is also cyclic in the sense that tr(AA B) = (—=1)® tr(B A A) where a and b are the
degrees of A and B. Noticing that (8 A 3*)"? vanishes as it involves a 4-form over P! coming
from the 7 factor, we have

tr(EFp, — BAB*)? =tr(Fu, A Frn) — tr(F, A (BA %) —tr((B A B*) A Fy,) + tr (BAB)?
:tr(th /\FHI) _tr(FH1 (6/\6 )) ( ) tr(FH1 (BAﬂ*))
:tr(FHl/\FH1>—2tI(FH1 (ﬁ/\ﬂ ))

We can specifically choose the scale of n to satisfy n A n* = %"wpl In that case,

BAB = +7p"(606) ® gows,

* Z * * *
§NB = (" 0 0) © o).
Thus F, A (B A B*) = 1p*F, (¢ 0 ¢*) @ ¢*owpr and the first term is expressed as:

tr(Fa, — BAB7)"2 = ptr(Fiy A Fpy) — P tr(Fhy 090 ¢7) ® ¢ (owp).

Second and third terms: denoting by 0; 2 and 0, ; the corresponding Chern connections
induced by hq, hy in the vector bundles Hom(FEy, Fy) and Hom(Es, E;) over X we obtain

—tr(D'BAD"B*) —tr(D"B* AD'B) = — p* tr(0e16 A 01297 @ ¢*(n An*)
—Dp tr(812¢ A 0O210) @ ¢"(n" An)

(
= — 2p tr(82 1¢ A (91 2¢ ® (ZWPI)
q"

=— 5p “tr(0s10 A 0120%) ®
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by using that nAn* = Zwp1. The first equality follows from the fact that D' = D' (p*¢®q*n) =
PH(0200) © 0+ p'd @ gBEN) and D' = p'(9120") © ¢t + p'¢" @ ¢ (AT, due to

1,0 0,1 Do . .. .
0,;’n = 0,, n* = 0 which is easy to show in explicit homogenous coordinates.
2 2

Forth term: an easy computation from the explicit formula for A, yields the decomposition
Fy, = p*Fy, — 4miqg*wpr which in turn implies

Fu, A F, = p*(Fy, A Fy,) — 4ip* Fi, A ¢*wpr — 47iq wpr A p*Fy, — 167 ¢ wps Aq*Wp1,,
and using tr(q*wpr A p*Fp,) = (1) tr(p* F, A ¢*wp1) = p* tr(Fp,) A ¢*wpr we get:
tr(Fg, — B* A B)? = tr(Fi, A Fr,) — 2tr(Fr, A (8° A B)) + tr((BEABT)

= p*tr(Ep, A Fp,) — 8mip* tr(Fp,) A ¢ wpr — 2tr [(p* Fh, — 4ig*wpr) A (B A B)]
= P tr(Fhy A Fhy) — 87ip™ tr(Fi,) A ¢"wpr — 2tr(p™Fy, A (87 A B)).

Now p*Fp, A (B* A B) = —2p*(Fi, © (¢* 0 ¢)) ® g*owpr and the fourth term is given by

tr(Fr, — 85 A B)"2 =p* tr(Fp, A Fp,) — —p tr F, ® ¢ owpr + P (Fp,0¢* 0¢) @ ¢ owpr.

Collecting all terms yields the total trace
7
tI‘FH N FH = p*(tI‘Fhl A Fh1 + tI‘Fh2 A th) - §p*(tl“ Fh1 o} (¢ e} ¢*)) (24 q*O'(,L)Ipl

7 7 —
+ ip* tr(Fy, o (¢* 0 @) ® ¢*owpr — §p* tr(021¢0 N 0120") ® ¢ owp (2.5)

8mi
— —ptr Fh, @ ¢ owpr,
o

and now we set out to contract this expression with the adjoint Lefschetz operator twice. As

can be seen in [19], section 1.2, a decomposition of the form w = w; + ws in a direct sum of
vector spaces V) @ V5 yields a decomposition of the form

Ao =M @Id +1d @ Ao,

where A, acts on A"(V; @ Vo)* ~ @,,,,_, AV ® A™Vy. In particular, we get for Q, =
prw + ¢ owpr

Ao, = Apry @Id +1d ® Agrouy,, =" AL @ 1d +1d ® ¢"Age, -
Applying this operator in equation and taking into account Ay, (¢*owp) = 1 we get:
Ag tr Fy A Fyp = [A2 tr Fyy A Fyy 4 A2 tr Fyy A Fy, | — iy tr(Fy, o (¢ o ¢*))
ik tr(Fy, o (6" 0 6)) — 2

g

(2.6)

Aw tr Fh2 — ’LAw tI‘(&Q’lQﬁ A\ 512@5*)

Here we omit the pullbacks with the understanding that functions previously defined over each
factor X or P! now are defined over the entire X x P!. With the trace term computed we
can now write the second of KYM equations. We note that the scalar curvature decomposes
as Sq, = Su + Sow,,, and the second term is simply a constant. Taking all constants to the
left-hand side we obtain that the second of the KYM equations is equivalent to:

167
o

— ozz'Aw(tr(Fhl o 925 o ¢*) — tI‘(Fh2 o ¢* o QZ5) + 6271925 VAN 5172¢*) (27)

C = Sw — C(Az](tl"Fhl A Fh1 + OétI‘F’h2 A\ FhQ) —

Aw tr th
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We start now expanding the first equation in ([I.1)). The block decomposition of the curvature
(2.4) leads to the system

iNo, Fr, —iB N B* = Ndyp,
iNo, Fr, — 18" A B = Ndp 0070, 2)
Ao, D' =0,
Ao, D"B* = 0.

The first two equations can be written in terms of ¢ and the curvatures in the separate vector
bundles E; and FEj:

1
iNFny + 600" = Adp,,

1 4
iNuFhy — 70706 = ()\ - g) Idp,. (2.8)

The last two equations are immediately satisfied as D'8 = p*(051¢)®¢*n and D" = p*(9; 2¢*)®
¢*n* and thus the contraction with Aq, = p*A, + ¢"Asw,, vanishes due to the splitting of the
2-forms over the factors X and P*.

By integrating the trace of the first equation in KYM ([1.1]) it is possible to show that

A

s deg, £ 2w (d1 + ds 27’2) (2.9)

T Voo, (X xPrankE 11471 \Vol, X o

by relating the degree of the extension F with respect to 2, to the degrees dy,ds of Ey, Es
with respect to w. This allows for rewriting the derived equations in terms of two constants
T =\2m,7 = (A — %) /27 which are related to o via

2ry Vol, X
= 2.10
4 VOlw X(Tl + 7"2)7' — (d1 + dg)’ ( )

and satisfying the relation

Vol, X (ri17 4 ro7') = (dy + d3), (2.11)
implying that h; and hs satisfy

. 1 .

1AL Fh, + Z¢ 0¢" =2n7ldg,,

1
i\, Fh, — Zgzﬁ* o ¢ = 2n7'Idg,, (2.12)

which are known as the coupled vortex equations. They were introduced and extensively studied
by Garcia-Prada in [16]. Together with the equation coupling to the Kéhler metric (2.7) we
state them together and we will be referring to them as the gravitational vortex equations:

iN,Fy, 4+ 3¢ 0 ¢" = 2r7ldp,,
iN,Fp, — i(b* o¢ = 2n7'ldg,,
Sw - OCAE) {tl‘ Fh1 VAN Fh1 + tr Fh2 VAN Fh2} - Oél(ijAw tr Fh2

—ail,, {tr(Fhl opo@*) —tr(Fp, 00 0od)+ Da1p N 51,2¢*} =C.

(2.13)

We have just proved the following.
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Proposition 2.3. Let T' = (Ey, Ey, ¢) be a holomorphic triple over a compact Kihler manifold
(X,w) and let E be the holomorphic vector bundle over X x P defined by ([2.2). Let o, 7,7 be

related by (2.10) and (2.11). The following are equivalent:
o E admits a SU(2)-invariant solution to the Kdihler—Yang—Mills equations (|1.1).

e The bundles Ey and Ey admit solutions to the gravitational vortex equations ([2.13]).

As noted above, these equations contain the coupled vortex equations, for which there
are already results characterizing the existence of solutions in particular situations. The next
sections will introduce additional hypothesis on the dimensionality of the base manifold and
the ranks of the vector bundles involved in order to further simplify the equations.

2.3 Equations on line bundles

We analyze the particular situation in which the vector bundles F; and E5 in the holomorphic
triple are line bundles, temporarily denoted as L; and Lo (rank L; = rank Ly = 1). We still
assume that X is a Kahler manifold of arbitrary complex dimension.

The first thing to note is that End(L;) and End(Ls) are trivial bundles. This is because
for line bundles L over X, tensoring with the dual gives L ® L* = X x C, as can be seen by
multiplying the transition functions (which are one-by-one complex matrices):

qi11,L - 911, = Q11,1 ° (gt)_ll,L =1

The triviality of EndL; implies that the curvatures F},, and Fj, are simply 2-forms over X. In
this setting we assume that Ls is the trivial line bundle by tensoring the extension

0—=p'Li > E—=p'LeqdOm2) =0

with p*L5. This implies that ¢ o ¢* = ¢* o ¢ = |¢]?, the squared norm of ¢ € H°(X, L) with
respect to the Hermitian metric h = hy ® by on L = L1 ® L3. The gravitational vortex equations
can be thus written for line bundles as

iNoFy, + 10 =277

iN Ey, — i\qb]Q =277,

S — AL (Fy, N Fpy + Fyy A Fy,) — B2 Fy,
—ail,, (Fh1|¢|2 — F,|9|* + 0210 /\51,2¢*) =C.

(2.14)

These expressions can be reduced by means of a Weitzenbock-type formula
Alg|* = 2iA,, (Fh’¢|2 + 02,10 /\51,2¢*) )
and by direct substitution of A, F}, from the second into the third equation to arrive at

iNFr, + Lll|gb|2 = 27T,

iNGFp, — le|g25|2 = 27,

Sy — a2 (Fy, A Fy, + Fy, A Fy,)
—S(A+7)([¢]* —7)=C".

by defining 7 = %’r. Here C" = C' — 27a\, another constant. Substracting the second equation
from the first we can get an expression involving the Hermitian metric h. However, the equation
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coupling the Hermitian and Kéahler metrics cannot be fully stated with respect to h alone. This
is due to the presence of the quadratic terms. Certainly

Fy A Fy = Fyy A Fiy = Fpy A Foy — Fyy A Fiy + Fiy A Foy = Fiy A Fyy + Foy A Foy — 2F, A F,

since Fy, A Fy,, = (=1)*2F},, A F},,, and therefore the cross term Fj,, A F},, prevents this to be
written solely in terms of A.

2.4 Abelian gravitational vortex equations on Riemann
surfaces

Now it is possible to analyze the situation when X is a Riemann surface (dim¢ X = 1) and
the vector bundles involved are still line bundles L, Ly over X. The equations will simplify
greatly. We consider again the line bundle L = L; ® L3.

As in the previous Section [2.3] the endomorphism bundles EndL; and EndL, are trivial,
and we have that ¢o¢* is the endomorphism of the line bundle given by scalar multiplication by
|6]?, the squared norm of ¢ with respect to h, the Hermitian metric in L given by h = h; ® hj.
In this particular case the quadratic terms Fj,, A Fj,, Fp, N\ Fj, vanish identically since there
are no nontrivial 4-forms over a Riemann surface. This allows to write the previously obtained
equation in terms of h alone. The Chern connection determined by (L,h) has a curvature
2-form given by Fj, = F}, — Fj,. The trace term tr Fiy A Fy from therefore reduces, by
defining 7 = %’r, to

_ 1
A tr Fy A Fyp = =2i7p* A Fy, — ip* Ay (F| 91> 4+ 09 A 0¢*) = —2iF A, Fy, — §A|¢|2,
where we are omitting pullbacks and making use of the Weitzenbock-type equality
Alg]? = 2iA,00|6*. = 2iA,(|¢|°Fy, + 0p A I¢).
From equations (2.8) and 7 = %” we obtain
: 1 2
ZAthl + Z‘¢| = )\7
1 = (2.15)
N Fy, — |0 =\ — =
? h2 4 |¢)| 2
By substracting these two identities and writing everything in terms of F}, we conclude that

1
iAo Fi + 5 (l¢]> —7) =0, (2.16)

which is precisely the 7-vortex equation, introduced by Landau and Ginzburg [23] in the study of
superconductivity and studied by Garcia-Prada in [15]. For the equation coupling the Hermitian
metric and the Kéhler metric we obtain by substituting A, F},, from the second of
and implementing the above remarks that

_ N2 ons [y T L
C’—Sw—|—2A|¢| —|—2a7'(/\ 2+4|¢|>,

C' =S, + %A|¢>|2 + 207\ — aF? + a%|¢|2,
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or regrouping constants in the right-hand side,

Su+ 5B+ )6 =7 =C. (2.17)

Collecting (2.16]) and (2.17) together yields the Abelian gravitational vortex equations:

{z’Ath +l(eP-7) =0

S+ 58+ A0k —7) = C .

These equations have been studied in [2] and for the particular case of C' = 0 they are related
to the physics of cosmic strings. The authors refer to these as the gravitating vorter equations.
Ours differ by a factor 1/2 appearing in , and it is due to the particular choice of the nor-
malization of the element 1 € Q' (P!, Opi1(—2)), being in any case equivalent to the equations
presented in [2].

We have just showed that a SU(2)-equivariant solution (H,(2,) of the KYM equations on
X x P! determines a solution to the Abelian gravitational vortex equations for 7 = 87 /0.
The process can be reversed in the following manner. Suppose that (h,w) is a solution to the
Abelian gravitational vortex equations, for a Riemann surface X and a line bundle L over it.
Then take a rank-two vector bundle extending p*L by p*Ox ® ¢*Op1(2), the isomorphism class
of the holomorphic extension determined by ¢ € H°(X,L). Then we propose a Kéahler form
given by Q, = p*w + ¢*owp over the Kahler manifold X x P! and a Hermitian metric

H=H &Hy,=ph @ (phy @ ¢*h))

for Hermitian metric hy, hy on L and Ox respectively, and h} the SU(2)-invariant metric
on Op:1(2) determined in homogenous coordinates by h), = %. The Kahler—Yang—Mills
equations are translated by the above dimensional reduction process into

1
iN,Fy, + ZW =\

) 1 T
ZAthz - 1|¢|2 =\ - Ea

AQUD//B = 07
Ao, D"B =0,
S, + a(Aw|¢|2 + 2iTALFp,) = c.

The third and fourth equations are trivially satisfied as in Section The second and fifth
are solved by a Hermitian metric hy = e/ on Ox for a function f solving the Poisson equation
Af = %|gb|2 — 7+ 2)\. By Hodge theory, this equation admits a solution if and only if the
righ-hand side integrates to zero over X. But integrating %W? in terms of AFj, shows that the
vanishing of the right-hand-side is equivalent to . A quick computation shows that the first
equation is solved by the metric h;y = h ® hs, and this finishes the proof of the correspondence.

The existence of solutions to the Abelian gravitational vortex equations on Riemann surfaces
has been studied in [2],[4],[14]. In particular, [2] gives an existence theorem for genus g > 1.
In this case, a deformation method yields a solution for small values of the coupling parameter «.

In order to describe what happens in genus g = 0, we note that via integration of the
equations it can be shown that the constant ¢ appearing there is topological in nature,
being given by

27(x(X) — 2a7c (L))
Vol, X

CcC =



2.5. EQUATIONS ON RIEMANN SURFACES 23

and thus completely determined by the first Chern class of the line bundle, the genus of the
Riemann surface X and the cohomology class of the Kéhler form w. When the topological
constant ¢ vanishes and ¢;(L) > 0 the only possible topology for X is that of the Riemann
sphere g = 0, and the Abelian gravitational vortex equations are equivalent to the Einstein—
Bogomol'nyi equations. These are related to the physics of cosmic strings, and the solutions to
these are called Nielsen-Olesen strings [28].

Yang proved a sufficiente condition [33,/34] for the existence of Nielsen—Olesen strings on P!
in terms of the relative position of the zeros of the Higgs field ¢. In [2], this condition is trans-
lated into algebraic terms, and subsequent articles [4.,/14] prove that the existence of solutions
to the Einstein-Bogomol'nyi equations is completely characterized by a certain notion of GIT
stability of the divisor corresponding to (L, ¢). We recall that the moduli space of effective
divisors parametrizes these pairs (L, ¢), and the group SL(2,C), which are automorphisms of
P!, acts naturally on this moduli space giving rise to a Geometric Invariant Theory quotient.
In [14], Garcia-Ferndndez, Pingali and Yau prove that for positive values of the constant c,
the existence of solutions to the general Abelian gravitational vortex equation with prescribed
volume in P! is related again to GIT polystability.

2.5 Equations on Riemann surfaces

We analyze now the gravitational vortex equations when the base space is a compact Riemann
surface dim X¢ = 1 but the vector bundles E; and FEs are of arbitrary rank r; and r, respectively.
We will obtain equations generalizing those of the previous section. The dimensionality of X
again implies that the quadratic terms Fj, A Fj, and Fj, A F},, vanish identically. From the
general gravitational vortex equations we obtain

iNoFy, + 30 ¢" = 2n71dp,,
iN Fy, — }ch* o ¢ =2n7'ldg,,
S, — @%@Aw tr Fp,
—ail, [tr(Fy, 0 ¢ 0 ¢*) — tr(Fp, 0 ¢* 0 ¢) + tr(0s1¢ A D120%)] = C.

(2.19)

The first two equations are simply the coupled vortex equations. The higher rank of the
vector bundles involved makes the third equation in ([2.19) not so easy to simplify in terms of
the Laplacian operator.

The existence of solutions to the coupled vortex equations over compact Riemann surfaces
has been studied in |16] when E, is assumed to be a line bundle, and later generalized for
arbitrary ranks in [7]. These previous results link the existence of solutions to the coupled
vortex equations to a certain notion of stability of the triple (F4, Es, ¢). This turns out to be
equivalent to the stability of the extension given by . We will introduce the appropriate
notions of Geometric Invariant Theory and stability of holomorphic triples in the following
chapter. The aim is to combine what is known for the coupled vortex equations and the
existence results given for the Abelian case to formulate a conjecture regarding the existence
of solutions to for the particular case of genus g = 0, one of the main objectives of the
present work. These are nothing but the very first steps towards a deeper understanding of the
gravitational vortex equations on general Riemann surfaces.
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Chapter 3

Holomorphic triples and stability

3.1 Stability and Hitchin—Kobayashi correspondences

In this section we recall some previous results concerning existence of solutions to the Hermitian—
Yang—Mills equations in terms of the stability of the vector bundles involved. This is of
paramount importance as the Hermitian—Yang—Mills equations (and its dimensional reductions)
are a subset of the Kdhler—Yang-Mills equations (and its dimensional reductions respectively).
Throughout this section we let (X, w) denote a compact Kéhler manifold of arbitrary complex
dimension n. We recall that the degree of any vector bundle F over X with respect to the
Kahler form w is an integer number obtained by integrating the first Chern class against the
(n — 1) power of the Kihler form:

1 7 w"
deg K = ——— E = [ A tr Fa— 1
©6w (n—l)!/xcl( JAw 27T/X AT (3.1)

where A is any connection on E. Note that for Riemann surfaces the degree is independent of
the Kéahler structure, and in that case we write simply deg E. With this concept of degree we
can define the standard notion of stability of a vector bundle.

Definition 3.1. Let (X,w) be a compact Kéhler manifold surface and £ a holomorphic bundle
over M. E is said to be stable if for every non-trivial coherent subsheaf £/ C E

W(E') < p(E)

where p(E') = f:iﬁg,, is called the slope of the bundle £’ with respect to w. If one replaces
the strict inequality by p(E’) < p(FE) then FE is said to be semistable. A vector bundle F is
said to be polystable if it is isomorphic to a direct sum of holomorphic stable bundles all with

the same slope as FE.

A nice feature of Riemann surfaces is that each subsheaf E’ of a vector bundle F, which is
a locally free coherent sheaf, is necessarily torsion-free, and there is a unique vector subbundle
E" C E with rank E” = rank EF’ fitting the short exact sequence

0—-F —-FE' - E'JE -0,

where E”/E’ is a pure torsion sheaf. This implies in particular that deg ' = deg E” —
deg £ /E" < deg E”, and thus stability of bundles over Riemann surfaces need only be checked
with respect to holomorphic subbundles E” C E. In complex dimension 2 we can also restrict
our attention to locally free coherent subsheaves E’, even though they are not necessarily sub-
bundles of F.

25
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Stability of bundles is related to existence of solutions to the Hermitian—Yang-Mills equa-
tions via the Hitchin—Kobayashi correspondence, proved by Donaldson in the algebraic setting
[9], and by Uhlenbeck and Yau for general compact Kéhler manifolds [32].

Theorem 3.2 (Donaldson-Uhlenbeck—Yau). Let E be a holomorphic bundle over a compact
Kdhler manifold (X,w). Then E admits a solution h to the Hermitian—Yang—Mills equations

iN,Fy = Ndg
if and only if E 1s polystable.

If we assume that X is a Riemann surface, Hermitian—Yang—Mills connections correspond
to projectively flat structures on the vector bundle F over X. Through the holonomy represen-
tation, this allows an interpretation of the above result in terms of the Narasimhan—Seshadri
theorem: irreducible projective unitary representations of the fundamental group m;(X) are in
one-to-one correspondence with stable holomorphic bundles over X.

A similar notion of stability is defined in the case of G-equivariant vector bundles, which is
relevant for the study of dimensional reductions. In this context, a vector bundle FE is said to
be G-invariantly stable if

u(E') < u(E)
for every G-equivariant subsheaf £/ C E. Similarly one defines G-invariant semistability and
polystability. This notion of G-invariant stability has proven useful to characterize the existence
of solutions to several equations obtained by dimensional reduction from the Hermitian—Yang—
Mills equations, obtaining new versions of the Hitchin—Kobayashi correspondence.

Two main results (Theorems 4 and 5 in |15]) established a G-invariant Hitchin-Kobayashi
correspondence as follows.

Theorem 3.3. Let E be a G-equivariant holomorphic vector bundle over a compact Kdihler
manifold (X,w). If E has a G-invariant Hermitian—Yang-Mills metric h then (E, h) = @,(E;, hi)
where E; is G-invariantly stable having a G-invariant Hermitian—Yang—Mills metric h; and
n(E:) = u(E).

Theorem 3.4. Let E be a G-equivariant holomorphic vector bundle over a compact Riemann
surface. If E is G-invariantly stable, then it supports a G-invariant Hermitian—Yang—Mills
metric.

3.2 Holomorphic triples and coupled vortices

We now consider a compact Riemann surface X. A holomorphic triple T' = (F1, Es, ¢) consists
of two holomorphic vector bundles over X and a holomorphic map between them ¢ : Fy — Ej.
The tuple (11,79, d1,dy) = (rank By, rank Ey, deg ) deg Es) is oftern referred to as the type of
the triple. We now define the notion of o-stability of a triple.

Definition 3.5. Let T' = (E1, Es, ¢) be holomorphic triple. A subtriple 7" = (E], EY, ¢') is a set
of coherent subsheaves E! C F; and a sheaf map ¢’ making the following diagram commutative.

B, %5 B

L
Ey —— F;
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The subtriple 7" is said to trivial if 77 = (0,0,0) or 7" = T. The o-degree and o-slope are
defined by

deg, (T") := deg(Ey ® Ej) + ry0,

deg, T’
(T = —=22—,
o (T") ry 4+ 1)

The triple is then said to be o-stable if u,(T") < p,(T') for every non-trivial subtriple. The
analogous concept of o-semistability is defined by replacing the previous strict inequality by
a weak one.

Again it suffices to check the inequalities for vector subbundles, since saturated subsheaves
(those with torsionless quotient sheaf) in Riemann surfaces are precisely vector subbundles.
For any holomorphic triple T = (FE4, Es, ¢) there is a dual triple given by T* = (Ej, EY, ¢*)
induced by the isomorphism

Hom(Eg, E1) ~ Hom(Eik, E;)v

and moreover, a straightforward computation shows that the o-stability of T" is equivalent to
the o-stability of its dual triple T*. Another relevant concept is that of quotient triple. Consider
a subtriple 77 = (FEy, Es, ¢) of type (i, 74, dy,dy) of T = (E4, Es, ¢). Then we can construct
the quotient triple defined as 7" = (E\/E}, Ey/ EY, ¢,), where the quotient bundles fit the short
exact sequence

0— E — E, — E;/E! =0,

and therefore give rise to a commutative diagram of triples

0 >

> Fo > Fo/E) —— 0

B,
l¢’ Lﬁ l@z
E|

> Fy » By /E] —— 0.

Proposition 3.6. Let T" be a subtriple of T' as above. If T' is o-stable then
1o (T") < 1o (T) < 1o (T")

where T" is the quotient triple induced by T". If T is o-semistable, the analogous weak inequality

holds.

Proof. By exactness of the sequence 0 — E! — E; — E;/E! — 0, we have that d] = d; — d;
and r! = r; —r,, where d;, d., d!,r;, 7}, ! stand for the degrees and ranks of E;, El, E!' = E;/E!
respectively. Therefore,

(T,,>_d’1’+d’2’+r’2’a_ di+dy+ors  ditdy+ry
Ha n r{ +rf —r1+7’2—r’1—r§ LTy — 1] — 1)
it / r 4Ty /
= p, (T — U (T > o (T) > pe (1),
Hol )T1+T2—7’/1—T‘é Ho! )7“1—1—7“2—7“’1—7’; Ho(T) > to(T")
where we have used that 1, (T") > p,(T7). O

When 7 and o are related by (2.10)) we speak of o- and 7-stability of triples indistinctly.
Polystability is defined in terms of the parameter 7.
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Definition 3.7. The triple 7" = (E, Es, ¢) is said to be reducible if there are direct sum
decompositions £} = @le Ey, By = @le Es; and ¢ = @le ¢; such that ¢; € Hom(FEy;, Ey;),
and we write T = @le T; for T; = (E1;, Eq;, ¢). A reducible triple is said to be T-polystable
if the following holds, for the value of o given by and 7’ related to 7 by (2.11):

1. Each ¢; is non-trivial unless E;; = 0 or Fy; = 0.

2. if ¢; # 0 then T; is o-stable.

3. if F1; = 0 then E»; is a stable bundle of slope 7/,

4. if Fy; = 0 then FEjy; is a stable bundle of slope 7.

The main result in [7] relates (poly)-stability of triples to SU(2)-invariant (poly)-stability.

Theorem 3.8 (Theorems 4.1 and 4.7 in [7]). Let T' = (Ey, Es, ¢) be a holomorphic triple over
a compact Riemann surface, and let E be the holomorphic extension (2.2)) over X x P induced
by T. Then:

1. If By and Es are not isomorphic, then T is o-stable if and only if E is stable with respect
to Q.

2. If B1 ~ Ey ~ I, then T s o-stable if and only if E decomposes as a direct sum
E=pFR0m)d (p'F®0p(l))
and (p*F ® Op1(1)) is stable with respect to €.

3. T is a T-polystable triple if and only if E is SU(2)-invariantly polystable with respect to
Q.

These results together with the invariant version of the Hitchin—Kobayashi correspondence
give the basic existence result of the coupled vortex equations.

Theorem 3.9 (Theorem 5.1 in [7]). Let T = (Ey, Es, ¢) be a holomorphic triple over a compact
Riemann surface. Then the following are equivalent.

1. The bundles support Hermitian metrics hy, he solving the coupled vortex equations (2.12)).
2. The triple T s T-polystable.

Due to the role of stable triples in the study of solutions to the coupled vortex equations
it is natural to wonder about the moduli space of these stable triples under the following
equivalence relation. Consider two triples T' = (Ey, s, ¢),T" = (E}, E, ¢'). T and T" are said
to be isomorphic if there exist isomorphisms of bundles v : E; — E} and v : Ey — EY such
that ¢ ov = uwo ¢. Let M(t) be the set of equivalence classes of holomorphic triples of type
t = (r1,72,d1,ds), and let M, (t) C M(t) be the subset of equivalence classes of T-stable triples
of the same type. This moduli space has the structure of an algebraic variety as is shown in

il

Theorem 3.10 (Theorem 6.1 in [7]). Let X be a compact Riemann surface of genus g. The
moduli space of T-stable triples of type (r1,72,dy,ds) is a complex analytic space with a natural
Kahler structure outside of the singularities, with dimension at a smooth point given by

1+7‘2d1—T1d2+(7"%+7”§—7”17“2)(9_1)7 (3.2)
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and it is non-empty if and only if T lies in the interval I = (dy /71, iar), where

dy To di ds
(&1 ’T'l —7“2’ (8] T2

if 11 # ro and pyr = oo if 1y = ro. Moreover M. (t) is a quasi-projective varity and projective
if ri + 1o and dy + dy are coprime and T is generic.

The set of critical values for 7 for the last condition to fail is a finite set contained within
the interval I.

3.3 Geometric Invariant Theory

We make a brief pause to introduce basic concepts of Geometric Invariant Theory which will
allow us to formulate a conjecture regarding the existence of solutions to the gravitational vor-
tex equations in terms of an action on the moduli space of stable triples. We cite Mumford’s
book [26] as a basic source. Consider a quasi-projective variety M and a reductive group G
acting on it. Consider a G-equivariant line bundle L over M, i.e. a lift of the action which is
fiberwise linear.

Consider the space of sections H°(X, L®*) for any k > 0, and the subspace of G-invariant
sections H°(M, L®¥)¢. A point p € M is said to be GIT semistable if there exists some
k > 0 and some G-invariant section f € H°(M, L®*) such that:

L f(p) #0
2. The open subset M; = {qg € M : f(q) # 0} is affine.

A semistable point is said to be GIT stable if furthermore the action of G on My is closed
and the stabilizer of G at x is finite. Dropping the last hypothesis yields the notion of GIT
polystable points. We denote by M?* and M?*® the set of stable and semistable points respec-
tively. The GIT quotient is defined as

M /| G := Proj (@ H(M, L®’f)) :

and there is a surjective G-invariant rational map = : M* — M // G. Furthermore, when
restricted to stable points, this map is a geometric quotient, meaning that the image of M?*
under 7w, M*® JJ G := w(M?), coincides with the quotient under the group action

X )G =X)G.

3.4 Automorphisms of Riemann surfaces and moduli space
of triples

We now return to holomorphic triples over Riemann surfaces. Consider the automorphism
group Aut(X) of a Riemann surface. We define an action of Aut(X) on the set of holomorphic
triples by pullback: if ' = (E1, Es, ¢) is a holomorphic triple then

g-T:=(g"E1, 9" Es, g% 0),

where we recall that the pullback of the bundle is given by ¢*E; = {(z,¢;) € X X E; : gz =
7(e;)} and that the pullback map is g*¢(x, e2) := (x, d(e2)).
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Proposition 3.11. The action of the automorphism group preserves equivalence classes of
triples and T-stability.

Proof. The first assertion follows from the functorial properties of the pullback. If 77 and T
are equivalent triples then there are isomorphisms u, v making the first diagram commute, and
from this follows the commutativity of the second.

EQ L E1 g*EQ % g*El
=l ]
Jo iy 7B, L% o El.

The degree of the pullback under g of the bundle is the degree of the original bundle times the
degree (as a map) of g. Since g € Aut(X), it is an orientation-preserving diffeomorphism and
therefore has degree 1. Therefore deg(g*FE;) = deg(F;). Since the pullback preserves rank, this
implies that p,(7") = pe(g*1"). The second assertion follows from this and the fact that there
is a one-to-one correspondence between subtriples of T" and subtriples of the pullback triple
g T. O

The above proposition implies that the automorphism group of a Riemann surface acts in
the moduli space of stable holomorphic triples in a well defined way. Let us now consider
the case of the projective line P!. We recall that P! ~ SL(2,C)/P where P is the parabolic
subgroup of upper triangular matrices. Therefore the Lie group SL(2,C) acts naturally on
P! by biholomorphisms, which is to say that there is an injection SL(2,C) — Aut(X). Since
we know that the moduli space of stable triples over a Riemann surface is a quasi-projective
variety we are in position to consider GIT stability and GIT quotients for this SL(2, C) action.

Inspired by the previous existence results for the Abelian gravitational vortex equations we
state the following conjecture regarding the general gravitational vortex equations on P!,

Conjecture 3.12. Let P! be the projective line and T = (Ey, Ey, ¢) a holomorphic triple over

P! of type t = (ny,na,dy,dy). Let o,7,7" be related as in (2.10)),(2.11). The following are
equivalent.

1. There exists a solution to the gravitational vorter equations (2.19) on (P, T).

2. The triple T 1s T-polystable and its equivalence class is furthermore GIT-polystable for the
action of SL(2,C) on M,(t).

The motivation behind this conjecture lies at the identification of (isomorphism classes of)
line bundles with effective divisors over P'. Previous results [2,4,14] characterize the existence
of Abelian gravitational vortices on (P!, L) for a line bundle in terms of stability under a GIT-
action of SL(2,C), and it seems possible that this characterization holds for higher ranks and
the corresponding equations.

3.5 Stable triples over P!

In this section we outline some previous descriptions of the moduli spaces of stable triples over
P! as a first approach towards understanding the solutions to the gravitational vortex equations.
One of the main advantages to working with P! is the following theorem:
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Theorem 3.13 (Grothendick, [17]). Let E be a holomorphic vector bundle of rank r over P.
Then there exists ny,...,n, € Z such that

E~O(n) @ ®0(n,).
Here O(d) denotes the line bundle over P of degree d.

We start by analyzing holomorphic triples of line bundles and build up from these.

Proposition 3.14. Let T = (L4, Lo, ¢) be a holomorphic triple of type (1,1,dy,ds). If ¢ # 0
then T is o-stable if and only if 0 > dy —dy > 0. If ¢ = 0 then T is not o-stable for any o and
it 18 semistable if and only if o = dy — d>.

Proof. There are ony two candidates to non-trivial subtriples, namely 7" = (L,0,0) and 7" =
(0, Ly, 0). T" is indeed a subtriple which can be checked immediately. However, 7" does not
give rise to a commutative diagram unless ¢ = 0. Let 0 € R. We will check what precise
conditions need to be met for the triple (L1, L, @) to be o-stable. Calculating o-slopes yields:

o deg(L1 @ Ly)+1-0 di+dy+o

g T - )
11 (T) 5 5
deg(Li ®0)+0-0
/’LU(T/) = g( - 1 ) :dla
d L 1.
1o (T") = 0e 12> o dy + 0.

If ¢ # 0, the only stability condition is u,(7") < pe(T"), or simply
di —dy < 0.
In the case when ¢ = 0, then we get a contradiction
di —dy < 0 <dy —do,

from which we conclude that (FEi, F»,0) is not a stable triple, and (Ej, F2, @) is a o-stable
triple if and only if ¢ > d; — dy (for ¢ # 0). Note that in order for ¢ not to be trivial it is
necessary that d; —dy > 0 as Hom(Ls, L) ~ O(d; — d) has no nontrivial global sections unless
dy —dy > 0. We can study semistability by weakinging the inequalities. In this case, (£}, Es,0)
is a o-semistable triple if and only if o = d; — ds.

]

The moduli space of o-stable triples of type (1,1,d;,ds) has been characterized in [31],
yielding a projective space.

Proposition 3.15 (Corollary 3.2.1 in [31]). Let M3 be the moduli space of stable holomorphic
triples of type (1,1,dy,dy) with dy > dy. Then for o > di — da,

M ~ Sym© % (pl) = ph—dz,

The above expression of the moduli space of stable triples of type (1,1, d;,ds) hints at the
action of SL(2,C). Recall that SL(2,C) acts naturally on P!, and therefore an action on the
symmetric product is available

g- (pl ORER ®pd1—d2) = (g 'pl) ©-0 (g 'pd1—d2)'

Also note that the d-fold symmetric product of P! is in one-to-one correspondence with the set
of degree d effective divisors on P!, an interpretation that ties the relationship between stable
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holomorphic triples and the Abelian gravitational vortex equations.

Let us now turn to higher ranks. Consider triples of the form (Lq, Es, ¢), where Ly is a line
bundle and F5 is a rank-two vector bundle. By the classification of holomorphic bundles over
P! we have to study all possible holomorphic maps

O(a) ® Ob) % O(c)

for integers a,b,c. The problem of classifying stable holomorphic triples with ranks ry =
1,79 = 2 has been partially undertaken in [31], but only for specific degrees, namely d; = 0 (i.e.
Ly = O) and deg Fy = —s. Let us restrict then to holomorphic triples of the form

T:0(—d) ® O(—e) % 0,

with d + e = s and let us assume without loss of generality e > d. We can show that 7" can
only be stable if s > 1.

Proposition 3.16. If T is o-stable, then d > 0. In particular s =d+e > 2d > 1.

Proof. By contradiction. Assume d < 0 Then 7" = (0, O(—d), 0) is a subtriple of 7. However,
it is also a quotient triple induced by the subtriple (O, O(—e), ¢|o(—¢)). Therefore by o-stability
of T' we get that simultaneously p,(1") < p(T) and p,(T") > o (T'), a contradiction.

Assume now that d = 0. The triple is then given by T = (0,0 & O(—s), ¢). Consider the
case in which ¢(Q) = 0. Then 7" = (0,0, 0) is both a subtriple and a quotient triple (induced
by the subtriple (O, O(—s), ¢|o(-s))), and we get another contradiction. If ¢(O) # 0, then ¢
is surjective and ker ¢ = O(—s), and the subtriple (O, O, ¢|o) is a quotient triple induced by
(0,0(—s),0), leading again to a contradiction with the stability of 7. ]

Therefore the analysis is restricted to holomorphic triples of type (1,2,0,—s) for s > 1.
The interval for o for triples of this type to be o-stable is bounded and given by the following
result, which also specifies the finite number of points where stability fails.

Proposition 3.17 (Lemma 4.1.1 and Proposition 4.1.3 in [31]). Let T = (O, O(—d)®O(—e), ¢)
be a holomorphic triple of type (1,2,0,—s), with 0 < d < e. If T is o-stable, then

o € (0g,2s),

where oy = 5 for s even and oq = % for s odd. Furthermore, the subintervals in which the
stability conditions is independent of o are given by the decomposition

(00,25) = (09,00 +3) U (09 + 3,00 +6)LU--- LU (25 — 6,25 — 3) U (25 — 3, 25).

For the extremal (leftmost and rightmost) subintervals, the moduli space of o-stable triples
of type (1,2,0,—s) has been precisely computed. We recall these results in the following
proposition.

Proposition 3.18. Ifo € (25—3,2s), the moduli space of holomorphic triples of type (1,2,0, —s)
s given by
ME(1,2,0 — s) ~ P52,

If s is even and o € (ap, ap + 3), the moduli space is given by

ME(1,2,0,—s) =~ Gr (2, g + 1) .
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3.6 Further research

Explicit descriptions of the moduli spaces of holomorphic triples will play an important role in
the study of our proposed Conjecture [3.12] A possible course of action can be outlined: firstly,
it seems important to describe further moduli spaces of stable triples for arbitrary ranks and
degrees. Secondly, and supported on previous descriptions, a explicit construction of the action
of SL(2,C) on this moduli space is prerequisite to studying GIT stability on this space.

Based on the nature of previous results we expect that one direction of the conjecture will be
easier to prove, namely that the existence of a solution to the gravitational vortex equations im-
plies the GIT polystability of the holomorphic triple; the converse will probably be much harder.

Another possible research direction could be to consider the Kédhler—Yang—Mills—Higgs equa-
tions. Introduced by Alvarez-Cénsul and Garcia-Prada in [3], these equations generalize the
KYM equations by allowing the Higgs field ¢ to vary. Several techniques have been developed
and explicit obstructions in the style of Futaki invariants have been constructed. It is promis-
ing to consider these obstructions to find negative answers on the existence of solutions to the
gravitational vortex equations on general Riemann surfaces. The authors in [3] also consider
general dimensional reductions through the action of semisimple complex Lie groups K€ and
parabolic subgroups P C K®, and they prove a correspondence between K-invariant solutions
to the KYM equations and some type of vortex equations over quiver bundles, which consist
of a collection of vector bundles and morphisms between them. In the particular case of the
SU(2)-invariant KYM equations, the authors obtain a necessary condition for the existence
of solutions involving the degrees of the vector bundles and the number of zeros of the Higgs
field.
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